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Abstract

We construct in this paper multiresolution analysis and the associated wavelet
basis on a compact bounded domain of R™ or a compact Riemannian mani-
fold M of dimension n (n € N). All bases constructed here are generated by
a finite number of basic functions and have location properties. To realize
this object, we prove at first some lemmas of algebra and functional analysis.
Then, we characterize some functional spaces with new norms.
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1. Introduction

Wavelet method has a great interest in signal and image processing. The
construction of wavelet bases on bounded domains has been an active field
for many years and extensively discussed in literature ( [1], [5] and [7]). This
topic is widely used in many scientific domains as numerical analysis or theo-
retical physics and successfully applied to many problems in Geomathematics
or Geophysics.. The most of constructions are based on the decomposition
method, introduced by Z. CIESIELSKI and T. FIEGEL in 1982 ( [3] and
[4]) to construct spline bases of generalized Sobolev spaces WF(M) (k € Z
and 1 < p < 00) on a Riemannian manifold M. In 1997, the decomposition
method was used by A. COHEN, W. DAHMEN and R. SCHNEIDER ( [6]
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and [7]) to construct biorthogonal wavelet bases (1;, "%) rev of L?(€Q) where
Q) is a bounded domain of R? (d € N) ; these bases were shown to be bases of
Sobolev spaces H*(2) for |s| < 2. There are others constructions based on
the decomposition method as well by A. CANUTO and coworkers [1] and by
R. MASSON ( [2] and [12]). These bases are continuous but not differentiable
and have never been implemented. Moreover, there is a slight difficulty in
their presentation, due to notational burden and it is often unclear how to
get other regularity Sobolev estimates than for |s| < % A. Jouini and P.G
Lemarié-Rieusset ([9])constructed in an elementary way two multiresolution
analyses on the L-shaped domain which are adapted to higher regularity
analysis (namely, to the study of the Sobolev space H*, k € Z).

Given M a bounded domain of R™ or a compact Riemannian manifold
of dimension n (n € N), we would like to construct a multiresolution analy-
sis and the wavelet basis by following the minimization method to construct
some special functions. Let A a Beltrami’s Laplacian operator, x; a sequence
of separated nodes, F; an increasing sequence and d; non-negative real num-
bers satisfying :

i) Any sphere with radius d; contains at most a point of Fj.
ii) Any sphere with radius c.d; contains at least a point of Fj.
iii) given a d; satisfying 1d; < d;41 < d;

Such a sequence exists , we need just to consider diadic points and positive
real numbers such that d; = % then we have %dj < dj1 < d; (c = % is

convenient), the points (x;) satisfy d;«;(z;, ;) > d. We construct a collection
of functions (wjﬂ, A) \er, Which form an orthonormal basis of W satistying
J

the following location properties
_ ad(z,N)

Wl < Ce 5 VAET,

o« , — @A)
|@(¢j+m)| < Ce % VAT |a|<s—n/2

and this collection form an orthonormal basis of M with the location proper-
ties. Moreover, This wavelet basis is also adapted to the study of the Sobolev
space H°(M) s € Z). The present construction of orthogonal analyses differs
from the previous one in the sense that these analyses are generated by a
finite number of simple basic functions and have better stability constants.
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The contents of this paper is as follows.

In the second section, we prove equivalent norms in Sobolev spaces on
a Riemannian compact manifold. These equivalences have a fundamental
impact on our work

In the third section, we study the solution of minimization problem and we
construct orthogonal multiscale spaces which are very useful for construction
of a multiresolution analysis on the manifold. Next, we prove decay to infinity
of splines which are very useful for wavelets.

In the last section, we construct on M a multiresolution analysis and
the associated wavelet bases which are generated by a finite number of basic
functions.

2. Equivalent Norms in Sobolev spaces

Denote
HY (M) = {f € L*(M), (=A)*€ L*(M)}.

Then H*(M) is a Hilbert space equipped with the norm ||(1 + (—=A))*2f||,

Proposition 2.1. . We have the following equivalence

in

e [ell=2)72 11l + ¢ (S 1rn) ] (1

The proof of this result exists in [8].

Proposition 2.2. Let F' be a set of points defined by a partition F = |JF]

J
and

K*={fe H’/N\ € F, f(x)) =0}.

If s >n/2, the set (—A)*?K*® is closed in L?. Moreover, V* is closed in L?
and the orthogonal of V* is (—A)*/2K?.

Proof. First let us show

1/2
1Y axéallms ~ (ZCM2> (2)

A

223



224 International Journal of Mathematics, Statistics and Operations Research

For an integer s, we have

| Z%%\ H
X

~ Z/\Aa Z@A%

la|<s
~ A% 2
g;s;/m " (ZCLA@)‘
o33 NI
~ ZWZ/W Nk
la|<s
~ D Pl
A
~ Yl
A

We also have

I Zaﬁ

1/2
(Z IaA2> (3)

Z\%\z = <ZGA5($—$A)-Z%¢A>
< HZGACS(fE—%)HH*S

A
1/2
< ZGA(S(CC—M)HSCS(ZM'Q)
A

A
< G Y andle — )l
A

In fact
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Reciprocally, if s > n/2 we have by Schwartz inequality

1/2 12
(S mdla — ). )] < (Zam (wa)
1/2
< (Zam Ol flla

1/2
1S b — ol ~ c;(zaﬁ)
A A

This proves the norm equivalence. The closed subspace of H™* of linear
combinations of §(xz — ) where the coefficients (ay) € L*(F). Recall

Ve ={f e (—A)2f = ZaA(S(I —T))}

Denote B the subspace of H~* generated by (6(x — z\)) and the function

Vs — B
fo— (=D)f

is continuous , and V? is a closed space. Moreover, if f € V*
f € L% then (—A)*2fc H ¢

(—A)Pf e H™ (fel?
D laxl’ < oo (see (3))
(=N)2f € H (Yo >n/2)

because the norm equivalence is established for all s > n/2. Then, for
s —o >n/2, we have

(—Af)PfeH
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. In fact, we have

. . 1/2
1 fllee ~ /0 dE\(f ) + (/0 A7 dE ( ff)
- 1/2
N dE\(f ) + (/ NANTETIdE, (f, f))
0

oo oo 1/2
~ /ASdEAff> +</ X’dEAff> <

0 0

< +0o0

(AP fllg-cor ~

S~
8

f € L2, then

1/2

1f]l2 = (/OOO dEA(f;f)) < +00

and for (0 < s —n/2) we have f € H? and f € H®.
Let prove now a stronger result. If f € K*® then f(z,) = 0,VA. From
proposition 2.1,we have

il ~ 1(=2)"2f]l2

and the continuity of the following applications

H — C
[ f(z)

gives that K* is closed because K* = f~1(0). Then K*® provided with the
norm ||||gs is a Banach space. The following application

K* — (A)KS
o (0P

is linear, bijective (f € L?) and bicontinuous because of the norms equiv-
alences (isomorphism) then, (—A)¥2K* provided with the L?—norm is a
Banach space and (—A\)*2K* is a closed space.

Let us show that V* and (—A)%2K* are orthogonal. If f € V° and g =
(—=A)*2h, h € K*, then
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(f.9) = (f,(=L)?h)

= ((=2)2f.h)
= Zaﬂﬂh (xA)
— 0A

because h(z)\) =0 and h € K*.

L
Inversely, if f € ((—A)S/zKS) and g € D(V). For h € K*, denote

then
( A)S/Z c (—A)S/2KS
but
1
e (iorom)
then

and we have

We conclude that

s/2f Z s/2¢)\ (Z’ o x}\)

and f € V*. Proposition 2.2 is completely proved.
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3. The solution of minimization problem

The object of this section is to solve the problem (P : find a function
f € H*(M) such that f(zy) = F(z)) minimizing [, |[(—A)*?f]* for all
functions such that f(x)) = F(z,) for F € H*(M).

Theorem 3.1. For s > n/2, the problem (P) has a unique solution fy. This
solution is the unique element fo € V?* such that

fo(zy) = F(z5)

and we have

fo="_ F(x))L}
A
where L5 € V% is the unique element such that
L(5) = 0.

Proof. Suppose that the solution named fy, of problem P is known, then
there exists an other function of H® such that

(f(zx) = F(az) VA) <= (f — fo € K7)
From Proposition 2.2, we have
12—V (=AY
then

(_A>S/2f0 = foi1+ fo2
(_A)S/Qf = fi+fo

but f — fo € K?, then fo; — fi = 0. We deduce that for any function
satisfying f(xy) = F(x,), its projection in V* is fixed and

VA e C,Vh e K°

I(=2)*2 fo + Ml = [[(=2)2fo|l3 +2Re <A<(A)s/2fo, (A)S/zh>> + A

Then, ||(=A)*2fy]|2 is minimal if and only if || fo2]]2 = 0 or equivalently
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1
(=A) 2 o € ((AWQKS)
then

(=AY PfoeVei= foeV?
We have

1
(_A)S/Qfo c ((A)S/2K5>
(~L)(F ~ fo) € (~L)PK®
then, (—A)*2(F—f,) is the orthogonal projection of (—A)*/?K on (—
This result provides a way to obtain f, as follows : We derive F in (—A)¥2F,
then we project it on (—A)*2K* on a function (—A)*/2h , we get h = F — f;
which implies fo = F' — h.
The uniqueness of fy comes from the injectivity of the application
(=A% HY — L*
and (—A)%/? is an isometry between B*/? and L? where

B2 ={f €&, | (-0)*feL?

the Beppo Levi space. We proved existence and uniqueness of fy. For fy €
V25 let us study the structure of this space. We proved that

VSCH“,Va<s—g

then
V¥ C H
due to s < 25 —n/2. We have V?* C L? C H®, then and as a consequence,
1/2
the norms || ||» and || ||z are equivalent on V2% to (Z/\f(mﬂ) . In

fact, we have due to equivalence 1

1/2
(Zf(fl?A)2> =

)S/QKS.
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and due also to equivalence 1

1/2
1l < C[(Z f(xx)2> + (—A)S/2f2]

A

We have

(%(l’j) = 5A,j> = ((f(x) =Y fl@ga(x)) € Ks)

A

and

(CA)2f — (= 852 (3 fland(zy) € K
A
(=A)2f € Ve if feV™
then, (—A)*2f is the orthogonal projection of (— A%/2 (37, f(zx)p(xa))*

L
on ((_A)3/2K5> Then, we have control of ||(—A)*2f||; by

(= 2572 (3 flan)g@))llz < [ 1f (@)

A

Consequently, we have on M equivalences

1/2
e ~ (Z If(fcx)|2>

We deduce that on V?* we have f(x) = >, f(xr)La(z) where L5 (x;) =
;. ™ The functions L3 satisfy the following estimates.

£ ll2 ~ [1.f]

Theorem 3.2. let s € N then the function L3 and its m-order derivatives
are fast decreasing at infinity (m < s —n/2) and for |a| < s —n/2, we have

0
()" L3| < Cemvton
X

where (c,p) are two positive constants independent of .

This Theorem is proved in [8].
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4. Multiresolution analysis and associated wavelets

In this section , we construct at first a multiresolution analysis on the
manifold. Next, we describe the associated wavelet basis. Let s be an even
integer such as s > 7. Define

Vi={feL?/(-A)f= Z Crox}

AEF;
. We have the following properties:
i) Vj is a closed subspace of L? due Proposition 2.2
ii) V; C Vi4q due to Fj C Fj
iii) NV; = {0}}.

In fact , if f € N;V; then (—A)®f should be a sum of dirac masses at points
N;F; = {g} (any translated point) then (—A)*f = cdy however dy ¢ (—A)*L?
then f = 0. We also have that U,V is dense in L?, in-fact if f € (U;V;)* =
N;V;- then f = (—A)*h where h € H*® must be null at the points U;F)}
(because V' = (—A)*K #,) which is dense in V. As a consequence, h = 0 and
f=0

We want to construct an orthonormal basis of W;. If f € V; then f =
> ser; @A) L5\ where L7, is the unique element of V; verifying

i/\(A/) = 5)\,)\/,V)\/ € Fj

where L7 , are the Lagrangian interpolation splines functions, then (L; A) r
J

is a basis of V;. For V., we add the points A € Fj.1, A ¢ F; We begin or-
thonormalization of (L ) € F; by Gram-Schmidt, we obtain an orthonormal
basis (¢7,) of V;. Theses functions have the same properties of location as
(L3 ,) by the matrix computation lemma. Let consider a natural supplemen-

tary space W; of Vj}, then we have
few;if f(\)=0,YA€ F;
This implies that all f € Vj1; has a unique decomposition f = g + h where

gev;
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and f(\) = g(\), VA € F; and h € W;. W ehavealsoto
1/2
lgllz < e( Saer, l9VI)
L\ 172
< o Taery FO)

< || fll2Then, we get Vjy; = V;@W;. This sum is direct and non orthogonal.
We consider the following basis of Wj given by (Lj 4 ,\> .
’ )\GF]‘+1|FJ‘
Denote
T; = FjalF;

We project orthogonally on W; the functions (LjJrL ,\) , then we have
AeT

f]—&—l,)\ = ;—H,A - Z ( j+1,x¢;/,,\/)¢j’,/\’ (4)
)\/GFj
The kernel of the orthogonal projection of P; € L*(M) on V; is given by
= 6)(x) @ ¢)(y)
AEF;
If f € ‘/}4_1, then
= Bf+Qif
— Id = PF+Q;

Where @); is the orthogonal projection on W;. Then, Q); = Id — P;. recall
(by theorem 3.2) the properties

yd(z,\) _yd(z,\)

O <Ce 0 and |L),| < Ce B

These properties are also valid for the derivatives of order less than s—n /2.

We have
s R ] s s s
jria = Liyia — E (L5100 Dia )
NeF;
s o . s
Then, A%, y and L7, , have the same estimations. The functions (Aj ey A)AeT .
i=Ej+1lFj

form a basis of W;. We just need to orthonormalize the functions (A}9 IR .
) XNETj=F;41|F}

Denote the matrix

S S —
G = <Ag+1 by Aj—|—1,)\’>)\7>\/€Tj = QA N€eT;
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and

daavhify = D (AN i)

AN
= 1) AN LB

and we have

Cr(D_A) <1 Maalle < Cz(ZV)

G is defined positive. We compute G/2, using the property G~/2G~12 =
G, then the family (@DJS-H,,\)/\GT_ where ¢5 1y =) yeq tianAj+ 1,V is an

J
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orthonormal basis of W;. But we have L? = &(W;);, then, wegetanorthonormalbasisofL*(M)

with property of fast decreasing at infinity. We have the following result.

Theorem 4.1. We constructed a collection of functions (wj"’lﬂ)‘))\eT- which
J

form an orthonormal basis of W; satisfying the following location properties

_ yd(z,\)
d .
[jmal < Ce % VAeT;
o )

sl < Cle” T VAET; Ja] <s—n/2

and the assembling forms an orthonormal basis of a Riemannian compact
manifold V' with the location properties.
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